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The solutions for this sheet are submitted on Moodle until 10 November 2024, 23:59.
Exercises that are marked by * are challenge exercises. They do not count towards bonus points.
You can use results from previous parts without solving those parts.

The solutions are intended to help you understand how to solve the exercises and are thus more detailed
than what would be expected at the exam. All parts that contain explanation that you would not need
to include in an exam are in

Exercise 7.1  Subset sums with duplicates (1 point).

Let A[1...n] be an array containing n positive integers and let b € N. We want to know if we can
write b as a subset sum of A where each element of A is allowed to be used once, twice or not at all. If
this is possible, we say b is a subset sum of A with duplicates.

For example, consider A = [3,4,2,7] and b = 22. Then b is a subset sum of A with duplicates,
as we can use 3 not at all, use 4 once, and use 2 and 7 twice. In other words, we can write b as

0-A[l]+1-A[2] +2-A[3] +2- A[4].

Describe a DP algorithm that, given an array A[l...n] of positive integers and a positive integer b,
returns True if and only if b is a subset sum of A with duplicates. Your algorithm should have asymptotic
runtime complexity at most O(b - n).

In your solution, address the following aspects:
1. Dimensions of the DP table: What are the dimensions of the D P table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each entry have
been determined in previous steps? Describe the calculation order in pseudocode.

5. Extracting the solution: How can the solution be extracted once the table has been filled?
6. Running time: What is the running time of your solution?

Solution:

1. Dimensions of the DP table: DP[0...n][0...b]

2. Subproblems: D P/[a][s] is True if, and only if, s can be written as a sum ) |, ; ¢; - Afi] where I C {i :
1<i<a},and ¢; € {1,2} foreachi € I.



3. Recursion: D P can be computed recursively as follows:

DPI0][s] = False 1<s<b (1)

DPIla][0] = True 0<a<n (2)

DPla][s] = DP[a — 1][s] or 1<a<n, (3)
DPla —1][s —1- Alal]] or DP[a — 1][s — 2 - Ala]] 1<s<b.

(4)

Note that in equation (3), the entries ‘DP[a — 1][s — ¢ - Ala]]’ for ¢ € {1, 2} might fall outside the
range of the table, in which case we treat them as False.

Equation (1) expresses that positive values cannot be equal to an empty sum (which equals 0). Equa-
tion (2) says 0 can always be written as an (empty) subset sum of A[1],..., A[a]. Equation (3) pro-
vides the recurrence relation. Namely, it expresses that an integer s can be written as a subset sum
with duplicates of A[1],..., Ala] if and only if s — ¢ - Ala] can be written as a subset sum with
duplicates of A[1],..., Ala — 1] where ¢ € {0, 1, 2}.

4. Calculation order: Following the recurrence relations above, we compute the entries as follows:

fora=0...ndo
fors=0...bdo
Compute D Pla][s].

5. Extracting the solution: The solution can be found in D P[n|[b], by part 2.

6. Running time: The running time of the solution is O(nb) as there are (n + 1) - (b+ 1) entries in the
table, each entry requires O(1) time to compute, and we extract the solution in O(1) time.

Guidelines for correction:

This exercise is very close to regular subset sum, and so the emphasis should be on correctly defining
the meaning of a table entry and its computation (part 2 and part 3). Award 1 point if these are both
correct (with proper justification for the recurrence), and 1/2 if the definition/recursion are correct, but
the justification is not. Do not subtract points for missing edge-cases (where the index is out of range)
in part 3.

Exercise 7.2 Road trip.

You are planning a road trip for your summer holidays. You want to start from city Cp, and follow the
only road that goes to city C,, from there. On this road from Cy to C,,, there are n — 1 other cities
C1,...,Cp_1 that you would be interested in visiting (all cities C', . .., C,_1 are on the road from Cy
to Cy). For each 0 < i < n, the city C; is at kilometer k; of the road for some given 0 = kg < k1 <
e < kpq < Ky



You want to decide in which cities among C7, . . ., C},—1 you will make an additional stop (you will stop
in Cy and C,, anyway). However, you do not want to drive more than d kilometers without making a
stop in some city, for some given value d > 0 (we assume that k; < k;_; + d for all i € [n] so that
this is satisfiable), and you also don’t want to travel backwards (so from some city C; you can only go
forward to cities C; with j > 7).

(a) Provide a dynamic programming algorithm that computes the number of possible routes from Cj to
C, that satisfy these conditions, i.e., the number of allowed subsets of stop-cities. Your algorithm
should have O(n?) runtime.

In your solution, address the following aspects:

1.
2.
3.

5.
6.

Dimensions of the DP table: What are the dimensions of the D P table?
Subproblems: What is the meaning of each entry?

Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

. Calculation order: In which order can entries be computed so that values needed for each entry

have been determined in previous steps? Describe the calculation order in pseudocode.
Extracting the solution: How can the solution be extracted once the table has been filled?

Running time: What is the running time of your solution?

Solution:

. Dimensions of the DP table: The DP table is linear, and its size is n + 1.
. Subproblems: D PYi] is the number of possible routes from Cy to C; (which stop at C;).

. Recursion: Initialize DP[0] = 1.

For every i > 0, we can compute D P[i| using the formula

DPli]= Y_ DPJj. (5)
0<5<1
k:lgk?-i-d

This recursion is correct since city C; can be reached from C; (for 0 < j < 9) if and only if
k; < k;j + d. Summing up the number of routes from Cj to these Cj, we get the number of
routes from Cj to C;.

. Calculation order: We can calculate the entries of DP as follows:

fori=0...ndo
Compute D PYi].

. Extracting the solution: All we have to do is read the value at D P[n].



6. Running time: For i = 0, DP[0] is computed in O(1) time. For ¢ > 1, the entry DPJi] is
computed in O(7) time (as we potentially need to take the sum of i entries). Therefore, the total
runtime is O(1) + >, O(i) = O(n?).

(b) If you know that k; > k;_1 + d/10 for every i € [n], how can you turn the above algorithm into a
linear time algorithm (i.e., an algorithm that has O(n) runtime) ?

Solution:

Assuming that k; > k;_1 4+ d/10 for all 4, we know that k; > k;_19 + d, and hence k; > k; + d for
all j < — 10. Therefore, the sum in formula (5) contains at most 10 terms D P[j] (and for each of
them we can check in constant time whether we should include it or not, i.e., whether k; < k; +d).
So in this case the computation of the entry D P[i| takes time O(1) for all 0 < i < n, and hence
the total runtime is O(n).

Exercise 7.3 Safe pawn lines.

On an N x M chessboard (/N being the number of rows and M the number of columns), a safe pawn
line is a set of M pawns with exactly one pawn per column of the chessboard, and such that every two
pawns from adjacent columns are located diagonally to each other. When a pawn line is not safe, it is
called unsafe.

The first two chessboards below show safe pawn lines, the latter two unsafe ones. The line on the third
chessboard is unsafe because pawns d4 and e4 are located on the same row (rather than diagonally);
the line on the fourth chessboard is unsafe because pawn a5 has no diagonal neighbor at all.
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Describe a DP algorithm that, given N, M > 0, counts the number of safe pawn lines on an N x M
chessboard. Your solution should have complexity at most O(NM).

In your solution, address the following aspects:

1.
2.
3.

5.
6.

Dimensions of the DP table: What are the dimensions of the D P table?
Subproblems: What is the meaning of each entry?

Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

. Calculation order: In which order can entries be computed so that values needed for each entry have

been determined in previous steps? Describe the calculation order in pseudocode.
Extracting the solution: How can the solution be extracted once the table has been filled?

Running time: What is the running time of your solution?

Solution:

1.

2.

Dimensions of the DP table: DP[1...N]|[1... M]

Subproblems: D P[i][j] counts the number of distinct safe pawn lines on an N x j chessboard with
the pawn in the last column located in row 4.




3. Recursion: D P can be computed recursively as follows:

DP[i|1] =1 1<i<N (6)
DP[1][j] = DP2][j — 1] l<j<M (7)
DPI[N][j] = DP[N —1][j — 1] l<j<M (3)
DPil[j] = DP[i — 1][j — 1] + DP[i + 1][j — 1] l<i<N,1<j<M (9)

Equation (6) solves the base case where the chessboard has only one column. In that case, there
exists exactly one safe pawn line with the pawn in the last column located in row ¢. Equation (9)
provides the general recurrence formula. The rationale behind this formula it is as follows: a pawn
line on an N X j chessboard with its last pawn in row i is obtained by adding a single pawn located
at (j,7) (the black pawn on the board below) to a pawn line on a N x (j — 1) chessboard (the red
pawns on first board below). Clearly, the last pawn of the smaller line must be onrow i +1 or ¢ — 1.
Hence, we have DP[i][j] = DP[i —1|[j — 1] + DPJ[i + 1][j — 1]. However, this is not true when we
have the edge cases ¢ = 1 or ¢ = NNV. In these cases, only one position is available for the last pawn
of the smaller line, yielding formulae (7) and (8).
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4. Calculation order: We compute the table as follows:

forj=1...M do
for any order of i € {1,..., N} do
Compute D P[i][7].

For example, we can compute the second for-loop in increasing order.

5. Extracting the solution: The solution is Zf\i L DP[i][M].

6. Running time: The running time of the solution is O(M N), as there are N M entries in the table
which are processed in O(1) time, and extracting the solution takes O(N) < O(M N) time.

Exercise 7.4  Weight and volume knapsack (1 point).

Consider a knapsack problem with n items with profits being positive integers in the array P[1,...,n],
and weights being positive integer in the array W1, ..., n]. The knapsack has a weight limit Wy, €
N. Furthermore, each item has a volume of 1 and the knapsack has a volume limit V4.

Describe a DP algorithm that, given the arrays P[1,...,n], W[l,..., n], of positive integers and pos-
itive integers Winaz, Vimawz, returns the total profit of the largest subset of items such that the items
respect both the weight limit and volume limit of W4, and V;;,4,. Your algorithm should have asymp-
totic runtime complexity at most O(n - Winaz * Vinaaz)-

In your solution, address the following aspects:

1. Dimensions of the DP table: What are the dimensions of the D P table?



2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each entry have
been determined in previous steps? Describe the calculation order in pseudocode.

5. Extracting the solution: How can the solution be extracted once the table has been filled?
6. Running time: What is the running time of your solution?

Solution:

1. Dimensions of the DP table: DP[0...n][0... Wya2][0. .. Vi)

2. Subproblems:

DPa][s][t] = Maximum profit of a subset of items of 1...a which has at most weight s and volume ¢

3. Recursion: D P can be computed recursively as follows:

DP0][s][t] =0 0 <5 < Wiz, (10)
0<?< Vi
DPla)[s][t] = max{DP[a — 1][s][t], DP[a — 1][s — W]a]][t — 1] + Pla]} 1<a<mn, (11)
1 <5< Wiae,
1 <t < Vinaa.

Note that in equation (11), the entries ‘D P[a — 1][s — W{a]][t — 1]’ might fall outside the range of
the table, in which case we treat them as —oo.

Equation (10) says that no items to select means 0 profit. Equation (11) provides the recurrence
relation. The idea behind this formula is that the max profit from a subset of 1. .. a which respects
both a weight and volume limit of s and ¢ respectively must either include not include the element
or not.

If it does not include the element a then it must be a subset of 1. ..a — 1 which respects the weight
and volume limits, namely D Pla — 1][s][t].

Otherwise, we include the element @ which means we have to handle the new added weight W |a|
and volume of 1. This can only be done if s — Wa] > 0 and ¢t — 1 > 0 and thus we add the relevant
profit P[a]. These conditions are enforced by the fact that the array is equal to —oo so that we always
have —oo + P[a] < 0 and thus cannot include a.

4. Calculation order: Following the recurrence relations above, we compute the entries as follows (note
that there are also many other valid calculation orders):

fora=0...ndo
fors=0... W4 do
fort=0...V4, do
Compute D Pla][s][t].

5. Extracting the solution: The solution can be found in D P[n|[W,az]|[Vinaz] by part 2.



6. Running time: The running time of the solution is O(n - Wi,4z  Vinas) as there are (n+1) - (Wynas +
1) - (Vinaz + 1) entries in the table, each entry requires O(1) time to compute, and we extract the
solution in O(1) time.

Guidelines for correction:

This exercise is close to regular knapsack, and so the emphasis should be on correctly defining the
meaning of a table entry and its computation (part 2 and part 3). Award 1 point if these are both correct
(with proper justification for the recurrence), and 1/2 if the definition/recursion are correct, but the
justification is not. Do not subtract points for missing edge-cases (where the index is out of range) in
part 3.

Exercise 7.5  Zebra arrays (1 point).

A square two-dimensional array Z[1 ... k|[1... k] with entries in {0, 1} is called a zebra array if no two
adjacent entries of Z are equal. We say two distinct entries Z[i1][j1] and Z[is][j2] in Z are adjacent if

. il :ig and ’j1 —jg’ S 1;01‘

il —i2| < 1andj1 :jQ.

Describe a DP algorithm that, given a two-dimensional array A[l...n|[1...m] with entries in {0, 1},
outputs the size of a largest zebra array contained in A. That is, the largest k£ such that, for some
1<i<n—-k+1,1<j<m-—k+1,thearray Afi...i +k —1]|[j...j + k — 1] is a zebra array.
Your algorithm should have asymptotic runtime complexity at most O(nm).

In your solution, address the following aspects:
1. Dimensions of the DP table: What are the dimensions of the D P table?
2. Subproblems: What is the meaning of each entry?

3. Recursion: How can an entry of the table be computed from previous entries? Justify why your
recurrence relation is correct. Specify the base cases of the recursion, i.e., the cases that do not
depend on others.

4. Calculation order: In which order can entries be computed so that values needed for each entry have
been determined in previous steps? Describe the calculation order in pseudocode.

5. Extracting the solution: How can the solution be extracted once the table has been filled?
6. Running time: What is the running time of your solution?
Hint: Use a DP table B[1...n][l...m]. The meaning of entry Bli][j] is
Bli][j] = size of the largest zebra array in A whose bottom-right entry is A[i][].
Hint: Your recursion to compute B]i][j] should involve the entries B[i][j —1], B[i—1][j], B[i—1][j —1]
and also the entries A[4][j], A[i][j — 1], Ali — 1][j], A[i — 1][j — 1].
Solution:
1. Dimensions of the DP table: We use a table B[1...n][1...m] of size n x m.
2. Subproblems: The meaning of entry B][i][j] is

Bi][j] = size of the largest zebra array in A whose bottom-right entry is A[é][7].



3. Recursion: As base cases, we set B[i][j] = 1 for all (i, j) withi = 1 or j = 1. Then, forn > i > 1,
m > j > 1, we compute B[i][j] recursively via:

- IFA[][j] = A[i][j — 1], or A[i][j] = A[i—1][5], or A[i][j] # Ali —1][j — 1], then set B[i][j] = 1.
« Otherwise, set

Bli][j] = 1+ min{B[i][j — 1], Bli —1][j], Bli —1][j — 1]}.

We show correctness as follows.

First, note that all the base cases are certainly correct, because for an entry A[i][j] at the boundary
of the array, there is only one square sub array of A whose bottom right entry is A[i][j], namely
Ali...d][j ... ], which is of size 1 and thus automatically a zebra array.

For the cases @ > 1,7 > 1, note first that, if the if-statement is true, it is indeed the case that any
square subarray of A of size at least 2 whose bottom right entry is A[i, j] cannot be a zebra array.
So BJi|[j] is correctly set to 1 in this case.

Finally, we consider the case where the if-statement does not hold, and B|[i][j] is set via the recursion.
Suppose that there is a zebra array in A of size k& > 2 whose bottom-right entry is A[i][j]. Then,
there must be a zebra array of size k — 1 whose bottom right entry is A[i][j — 1], and also one whose
bottom right entry is A[i — 1][j], and also one whose bottom right entry is A[i — 1][j — 1].

This shows that

B[] < 1 +min{BJi][j — 1], Bli — 1][j], Bli - 1][j - 1]}.

For
the other direction, assume there is a zebra array of size k — 1 whose bottom right entry is A[¢][j —1],
and also one whose bottom right entry is A[i — 1][j], and also one whose bottom right entry is
Ali — 1][j — 1]. Then, we claim the array A[i —k+1...i][j —k+1...j]is a zebra array (of size k,
with bottom right entry A[i][j]). Note that the only entries of A[i—k+1...4|[j—k+1... j] for which
the ‘zebra-condition’ could potentially not hold are A[é|[j], Ai][j — 1], A[i — 1][7], Ali —1][j — 1].
But, since the if-statement does not hold, we know that these entries do in fact satisfy the condition.
Therefore,

Bl = 1+ min{ Bl — 1), Bl — 10}, Bli— 1 — 1}

4. Calculation order: It is enough to make sure that B[i][j] is computed only when all other entries
Bl[i'][j'] with i’ < i and j° < j have already been computed. This can be achieved, for instance, by
the following calculation order:

fori=1...ndo
forj=1...mdo
Compute Bl[i][j].
5. Extracting the solution: We extract the solution by taking the maximum over all entries in B.

6. Running time: Our DP table is of size nm. Filling each entry takes O(1) time. Extracting the maxi-
mum at the end takes O(nm) time. So, in total, we use at most O(nm) time.

Guidelines for correction:

The important elements of this exercise are:



« base cases

« recursion (if-statement)

« recursion (formula)

« justification that recursion is correct (>)
« justification that recursion is correct (<)
« calculation order

« extraction

Award 1 point if at least 6 elements are correct, award 1/2 point if at least 4 elements are correct.
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