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Lecture plan Linear Algebra (401-0131-00L, HS24), ETH Ziirich
Numbering of Sections, Definitions, Figures, etc. as in the Lecture Notes

Week 4

Gauss elimination (Section 3.2)

Algorithm for solving Ax = b with square matrix (m x m).
Back substitution: if A is upper triangular

2 3 4 = 19
0 5 6| |z2f = |17
00 7] |z3 14

equation | before substitution | after substitution | solution

1 221 + 3x9 +4x3 = 19 2¢1 +11 =19 ;=4
2 Bxy + 623 = 17 By + 12 =17 To =1
3 7213'3 =14 T3 = 2
Case m x m:
Equationi=m,m —1,...,1:
Zaijxj = bi-
j=i

Already know z; 11, . .., Zp:

m
bi — D itit1 Qi

xT; =
Qi
Needs a;; # 0!
for (i =m-1; i >= 0; i—--) {
sum = b[i];
; S o
or S( dm _:L fi]][?]m; )]( “[LH Back substitution code
x[i] = sum / A[i][i];

}

Elimination: If A not upper triangular
¢ Ax =b — Ux = c (same solutions, U upper triangular)

e solve Ux = ¢ with back substitution

2 3 4 19
A= 1[4 11 14| ,b= |55
2 8 17 50
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Get rid of 4: subtract 2 - (equation 1) from equation 2:

(equation2) : 4x; + 1lzxy + 1da3 = 55
— 2-(equationl) : 4x; + 6Gzp + 8xz3 = 38

(equation 2’) : bry + 6xz3 = 17
— A'x =Db"
2 3 4 19
A=105 6|,b=]17
2 8 17 50

This was a row subtraction: linear transformation applied to all columns of A and b:

Ty T 1 0 0] |z
TE21 ) = X2 — 2([)1 =[(-2 10 i)
x3 x3 0 0 1| [z
Eo

Es: elimination matrix
A= FEyA, b = FEy;b Es5q: subtract 2-(row 1) from (row 2)
Can undo it:
A=FE, A, b=FE),b FE},: add 2-(row 1) to (row 2)

Ax = b and A’x = b’ have the same solutions:
o If Ax = b, then A'x = EQlAX = Eglb =b’
o If A'’x =D/, then Ax = E},; A'’x = El;,b’ =D

Column by column, eliminate all red entries (— upper triangular system from before):

2 3 4] [19]
fat number: the pivot A= 14 11 14 b= |55
2 8 17 50
subtract 2-(row 1) from (row 2): b i}
1 0 0] (2 3 4] [19]
Eyxy=1-21 0 EstA=10 5 6 Eyb = |17
| 0 0 1 2 8 17] 150
subtract 1-(row 1) from (row 3): + 1
[ 1 0 0] 2 3 4] [19]
Es = 010 E31E;A= 10 5 6 Es1Eyqb = |17
-1 0 1] 0 5 13 31
subtract 1-(row 2) from (row 3): + l
(1 0 0] 2 3 4] [19]
Eyp, =10 1 0 EsFE31E00A= [0 5 6 Ey B3 Eyyb = |17
0 —1 1 —— |0 o0 7 — |u
1 elimination matrices ~ done! Now back substitution. ..
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Row exchanges: also undoable, solutions stay the same

2 3 4
A=14 6 14 b=--.
2 8 17
elimination in first column: i 1 +
[2 3 4]
E31E21A: 0 0 6 E31E21b:"'
10 5 13]
pivot 0: exchange (row 2) and (row 3): l i}
100 [2 3 4]
P23: O O ]_ P23E31E21A: 0 5 ]_3 P23E31E21b:"'
010 Yy |0 0 6] —
T permutation matrix done!
Failure: no row exchange helps, give up for now!
2 3 4]
A=14 6 14 b=--- 2 3 4
2 3 17] 0 5 6
elimination in first column: 3 d 0 0O
(2 3 4] we also
E31E21A: 0 0 6 E31E21b:"' fail here!
0 0 13]
for (j = 0; j <m; j++) {
// eliminate in column j
if (A[jI[j] ==0) {
// zero pivot, try row exchange
k =j+1;
while (k < m && (A[k][j] == 0)) k++;
if (k ==m)
return false; // no row exchange is possible , give up
else {
// exchange rows j and k ...
row_ A = A[j]; A[j] = A[k]; A[k] = row_A; // ... of A
rowb = b[j]; b[j] = b[k]; b[k] = row.b; // ... of b  Elimination
) ; code
// create zeros below Aljllj]
for (i = j+1; i <m; i++) {
// subtract ¢ * row j from row i
c =A[L][j] /A1 S
Alil[j] = 0;
for (k = j+1; k <m; k++)
ALi][K] —= ¢ » A[j1[k]; // ... of A
bli]l —= ¢ « b[j1; /) of b

}
}

return true;



Success and failure
“Solutions stay the same”, general case m x n:

subtract ¢ - (row j) from (row i) row operation exchange (row j) and (row k)
N AN
1 —J 0 1 —J
E;; = AN Py, = AN
—c 1 — i 1 0 —k
AN AN
T T T T
j i J k
elimination matrix row operation matrix permutation matrix

Lemma 3.3: Let Ax = b, A € R™", M € R™™ a row operation matrix, A’ = M A and
b’ = Mb. Ax = b and A’x = b’ have the same solutions.

Proof. Undo M with M': add ¢ - (row j) to (row %), or exchange (row j) and (row k) again:
A=MA b= MD.
Ax =b < A'’x = b’ follows as in 3 x 3 case. O

Corollary 3.4: Let A € R™*", M € R™*™ arow operation matrix, A’ = M A. A has linearly
independent columns if and only if A’ has linearly independent columns.

Proof. Lemma 3.3 with b = 0: Ax = 0 and A'x = 0 have the same solutions.
Onlyx =0 independent

Another x dependent columns (Observation 3.2). ]

: both have linearly

Theorem 3.5: Let Ax = b be a system of m linear equations in m variables. The following
two statements are eqivalent.

(i) Gauss elimination succeeds.
(ii) The columns of A are linearly independent.

We prove (i)=(ii) and —(i)= —(ii): if not (i), then not (ii). This is the contraposition of (ii)=-(i)
and logically equivalent.

Proof.

(i)=(i): If Gauss elimination succeeds: A — upper triangular U with all u;; # 0. U has
linearly independent columns by Corollary 1.20 (iii): no column is a linear combination

of the previous ones. We get (ii) by Corollary 3.4, repeatedly applied (A — A"... = U).
—(i)= —(ii):If Gauss elimination fails in column j, A — A’,

A= {%‘%‘—] , U € RUD*U=D ypper triangular, all uy, # 0, v € R7 .
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Construct x # 0 : Ax = 0. Then A’ has linearly dependent columns (Observation 3.2).
This gives —(ii) by Corollary 3.4/ (A — ... — A’). Construction:

x
T2
xj+171'j+27~--7xm:07 U . —f—l'jV:O = Ax = 0.
Tj—1

——
y

/I\

r; = —1,solve Uy = v (back substitution!)

]

Runtime: Count arithmetic steps (—, -, /)!
Theorem 3.6 Let Ax = b be a system of m linear equations in m variables, m > 1. Gauss
elimination with back substitution solves Ax = b (or gives up) with at most

2 3 7
g(m) = gmg + §m2 — g™

arithmetic steps and therefore in time O(m?).

Proof. Count arithmetic steps in elimination: e(m) steps

1 for (j = 0; j <m; j++) {

2 // eliminate in column j

3 if (A[j1[j] == 0) {

4 // zero pivot, try row exchange

5 k = j+1;

6 while (k <m && (A[K][j] == 0)) k++;

7 if (k ==m)

8 return false; // no row exchange is possible , give up

9 else {

10 // exchange rows j and k ...

11 row_ A = A[j]; A[j] = A[k];, A[k] = row A; // ... of A

12 rowb = b[j]; b[j] = b[k]; b[k] = row.b; // ... of b

13 }

14 }

15 // create zeros below Aljllj]

16 for (i = j+1; i <m; i++) {

17 // subtract ¢ * row j from row i

18 ¢ = A[LI[j] / AL 1; 1)
19 Alil[j] = 0;

20 for (k = j+1; k <m; k++)

21 Ali][k] -= ¢ * A[j][k]; // ... of A 11—
22 b[i] —= ¢ = b[j]; // ... of b 1-,1-—
23 }

24}

25 return true;
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Count arithmetic steps in back substitution: b(m) steps

for (i =m-1; i >= 0; i—--) {
sum = b[i];

for (j = i+1; j <m; j++)
sum —= A[i][j] = x[j]; L 1-
x[i] = sum / A[i][i]; 1/
¥
Counting formulas in the lecture notes! O
Dominating term: 2m?®: Gauss elimination is very slow on large systems.
O(m?): 3 nested loops in elimination (lines 1, 16, 20)

Inverse matrices (Section 3.3)

Row operation matrix M:

do \ undo \ do & undo \ A=1 \ undo & do \ A =1
A=MA|A=MA | A=MMA|MM=I|A=MMA | MM =1
A’ A

Definition 3.7 Let M be an m x m matrix. M is called invertible if there exists an m x m
matrix M ! (called the inverse of M) such that

MM '=M1'M=1.

Case 1 x 1:
M=[a = M7'=[ (fa#0).

Case 2 x 2: check it!

M[c d]’ = M ad—bc{—c a] (if ad — be # 0).

Inverse is unique:
Lemma 3.8: Let M be an m x m matrix with two inverses A and B. Then A = B.

Proof A=IA=(BM)A= B(MA)=BI =B, 0
Lemma 3.9: Let A and B be invertible m x m matrices. Then AB is invertible, and
(AB) ' =B7tA™h

Proof sketch. Undo in reverse order (put socks on, then shoes; take shoes off, then socks).

Lemma 3.10: Let A be an invertible m x m matrix. Then the transpose AT is invertible,
and

(AT) "= (4
The Inverse Theorem: “good” matrices
Theorem 3.11: Let A be an m x m matrix. The following statements are equivalent.
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(i) Aisinvertible.
(ii) For every b € R, Ax = b has a unique solution x.

(iii) The columns of A are linearly independent.

Success of Gauss elimination < (iii), Theorem 3.5.

Proof plan:
(i) = (i)
i 4
(i) < (i)
Proof.

(i) = (ii): if A is invertible, x = A~'b is a solution of Ax = b:

A(A™'b) = (AA )b =Tb =b.

X

Uniqueness: take any x satisfying Ax = b:
x=A"'Ax=A""b.

(i) = (iii): if Ax = b has a unique solution for every b, then also for b = 0. By Observa-
tion 3.2, the columns of A are linearly independent.

(iii) = (ii): Let x, x’ be two solutions: Ax = Ax’ = b. Then A(x — x’) = 0. If the columns
of A are linearly independent, then x — x’ must be 0 (Observation 3.2), so x = x'.

(ii) = (i): If Ax = b has a unique solution for all b, we find vy, v, ..., v, € R™ such that
1 0 0 10 --- 0
0 1 0 o | 0 1 0
Avi= | [, Avo= | |,..., AV, = |. = Alvi vo o V| =, . .
0 0 1 . | | ~ | 0 0 1
~~ ~~ B >

Still need BA = I:
e Al =JA=(AB)A = A(BA),so A(I — BA) = 0.
® Wi, Ws,..., Wy columns of ] — BA. Then A(/ — BA) = 0 means Aw, = 0 for all j.

* The columns of A are linearly independent by (ii) = (iii). Hence w; = 0 for all j: by
Observation 3.2, 0 is the only solution of Ax = 0.

e All columnsof I — BA are0,so BA = 1.
H

Exercise 3.12: For all A, B: If AB = I, then BA = I, so we only need one condition in
Definition 3.7 of the inverse.
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