Lecture plan Linear Algebra (401-0131-00L, HS24), ETH Ziirich
Numbering of Sections, Definitions, Figures, etc. as in the Lecture Notes

Week 2

Matrices and linear combinations (Section 2.1)

Matrix: Notation for sequence of vectors:

17 [2 1 2
31, |4 — (3 4] = ([1 2],[3 4],[5 6])
5] (6 5 6

Gives another sequence of (row) vectors.

Definition 2.1: An m X n matrix is a rectangular array of real numbers with m rows and
n columns.

11 Q2 - Aip
Q21 Q22 -+ A2y
A=

Am1 Am2 - Omnp

a;;: entry in row 4, column j
1 . _ m n
Dot-free notation: A = [a;;];2, 7,
R™*": set of m X n matrices
Column notation:
A= |vy vy -+ Vv,
Row notation:
A= .

Column vector v € R™: m x 1 matrix
Row vector u € R™: 1 x n matrix
Matrix addition, matrix scalar multiplication: Definition 2.2

R R R R i

0: zero matrix (all entries are 0)
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Matrix shapes:

ﬂ m h
I—n Ln L‘n—

tall and skinny ~ square short and wide
m>n m=n m<n
Square matrices: Definition 2.3
100 200 210 200 210
010 040 047 1 40 1 47
001 005 005 075 075

identity / ~ diagonal = upper triangular lower triangular symmetric
a;j=10;; JjFi:a;=0 j<i:ra;=0 Jj>t:ay; =0 aij = Qj;
Kronecker delta: §;; = 1if i = j and 0 otherwise.
m X m identity matrix I = [§;;];2, /7
Matrix-vector multiplication: Notation for linear combination of the columns

1 2 1 2 7
713 +8 |4 = 3 4 {8] )
5 6 5 6
linear combination matrix-vector product
Definition 2.4: Let
x
L1 o
A=1|vy vy -+ v, | eR™" x=1| .| €R"
T
The vector
n
AX = E ZL’jVj - Rm
j=1
is the product of A and x.
Direct definition (without columns): Observation 2.5
u; app Qi - Qg X a11%1 + 12T + - - - + A1 Ty u; - X
uo o1 Q22 -+ Gap T 211 + A22%2 + -+ - + ApTy U - X
Uy, Am1 Am2 - Omnp Tp Am1T1 + Am2T2 + -+ AmnTn U, X
Vq Vo - Vn Tr1Vy + ToVa + -+ TnVn
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Corollary 2.6: /x = x for all x € R™.

Definition in row notation: Observation 2.7
— u — u; - X
A= " T oax= |
— u, — u,, - X
—_——

scalar products

Pictorial view:

A

x Ax
H
m n| =
L N e
Column space and rank:

Definition 2.8: Let A be an m x n matrix. The column space or image C(A) of A is the span
(set of all linear combinations) of the columns,

C(4) ={Ax:x e R"} CR™

o(f ) - [)

Independent columns:
Definition 2.9: Let

x=0=0¢cC(A).
Fact1.5:

A= |vy v -+ Vv,
. |

Column v, is independent if v; is not a linear combination of vy, vy, ..., v;_;. Otherwise,
v; is dependent. The rank of A, rank(A), is the number of independent columns.

rank(A) = n: linearly independent columns rank(A) = 0: zero matrix

both columns are independent only first column is independent
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Later: Reordering columns does not change the rank.

The independent columns span the column space:
Lemma 2.10: Let A be an m x n matrix with r independent columns, and let C be the m xr
submatrix containing the independent columns. Then C(A) = C(C).

Proof.

Uy, Uy, ..., u,: the independent columns.

Wi, Wa,. .., W,_,: the dependent columns (order as in A)

For all j, w; is a linear combination of uy, uy, ..., u,, Wi, Wo, ... W;_: sequence contains

all previous columns.

Take Span(uy,uy,...,u,),add wy,ws, ..., w,_, — Span(uy, ug, ..., U, Wi, W, ..., W,_,).
N -~ 7 N -~ s

c(©) C(4)
Adding linear combinations of previous vectors never changes the span (Lemma 1.23)!
O

Row space and transpose:
Row space: span of the rows

Later: rank, number of independent columns = row rank, number of independent rows

To define row space, independent row, (row) rank:
* Copy& Paste from column definitions?
¢ Use transpose matrices!

Mirroring a matrix along the diagonal:

1 4
L2 3 —_ 1203 -
{4 6}wa A_{456} A 2 5
3 6
wW ©

Definition 2.11: Let A = [a;;]iZ, 7, be an m x n matrix. The transpose of A is the n x m
matrix

AT = [aji]?:l,jil'
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Row vector « column vector: -
1

3 =[1 3 5]

d
(AT)T = A. Observation 2.12
A symmetric < A = A",

Definition 2.13: Let A be an m x n matrix. The row space R(A) of A is the column space of
the transpose,
R(A) := C(A").

Matrix multiplication (Section 2.2)

Matrix multiplication: Notation for several linear combinations of the columns
Definition 2.16: Let A be an a x n matrix and

B=|x1 x9 -+ Xy

an n X b matrix. The a x b matrix

| | |
AB = |Ax; Axy -+ Axy
| | |
is the product of A and B.
AB is defined exactly if number of columns of A = number of rows of B.

Al g AV 4 pw
-3 2
v 2 w 3 2 3|3 1 3|
B S 1 R . | 1] -1 3 —1 2 —1 0|
—_—N
A B
3 0
Direct definition: “Rows of A times columns of B” Observation 2.17
— wm — Up X3 up-Xz -+ Up-Xp
e u2 R — ‘ ‘ ‘ u2.X1 u2.X2 oo u2.Xb a b
X1 Xo e Xy — : . .. . — [uz . Xj]i:l,j:l
— u, —|~ | |V | U, X] U, Xg - U,-Xp
| —— B ~ P
A AB (ab scalar products)
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1 2]fo 1] [1-042-1 1-1+42-0] [2 1] , L,
AB = {3 41 L O]_[3‘0+4_1 3‘14_4‘01—{4 3} (“column exchange in A”)

o 171 2] [0-141-3 0-2+1-4] [3 4] , o
Ba = L 01 [3 4] - [1-1+0-3 1-2+0-41 - L 2] ("row exchange in A7)
AB # BA, matrix multiplication is not commutative.

(AB)T =BTAT Lemma 2.19
Corollary 2.20: Let I be the m x m identity matrix. Then /A = A for all m x n matrices,
and Al = A for all n x m matrices.

Everything is matrix multiplication:
Matrix-vector multiplication:
1 2| (1}
s 31

N
2x2 2x1 2x1

Vector-matrix multiplication:

1 2

Lub -ty

1x2 ==~ 1x2
2x2

Scalar product:

Lyl -tyon

1x2 N~ 1x1
2x1

= Another scalar product notation: v-w = v'w

1x2
2x1 2x2

Outer product:

Lemma 2.21/ Let A be an m x n matrix. The following two statements are equivalent.
(i) rank(A4) = 1.

(ii) There are nonzero vectors v € R™, w € R" such that A is their outer product,
A=vw'.
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Distributivity and associativity:
Lemma 2.22: Let A, B, C be three matrices Whenever the sums and products are defined,
then

(i) A(BB+C)=AB+ ACand (A+ B)C = AB+ AD (distributivity);

(ii) (AB)C = A(BC) (associativity).
Generalized associativity: brackets don’t matter, also with more matrices (needs a sepa-
rate proof): (AB)(CD) = A(BC)D) =--- = ABCD

C'R decomposition:
Lemma 2.23: Let A be an m X n matrix of rank r (Definition 2.9). Let C' be the m x r

submatrix of A containing the independent columns. Then there exists a unique r x n
matrix R such that

A=CR.
Example, r = 1 (we get outer product form, see Lemma 2.21):

E ;l g}:[g] 1 2 3].

~~ R,1x3
A2x3 C2x1

Proof. A and C have the same column space (Lemma 2.10)

= Column v; of A is a linear combination of the columns of C: v; = Cx; (x; € R")

A=1|vy vy -+ v,| =C |x; X9 - x,| =CR.
I S

~
RGRTX n

C has linearly independent columns (Corollary 1.20)

= The vectors x; and hence R is unique (Lemma 1.21).

O
Example, r = 2: columns of A
Vi V2 V3 V4
I I I I
1 20 3 1 2 0 3
A=12 4 1 4 2 4 1 4 1203 101203
36 25 3 6 2 5 2414—21{001_2}
[ I 3625 3 2 —
Vi lvy | 2wy 3v1 A, 3x4 C, 3x2 2
V2
V3 lvs | —2v3
\Z!
independent? | yes | no | yes | no
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